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Purpose: The purpose of this paper is to identify and compare the main extensions of Data
Envelopment Analysis (DEA) that enable efficiency measurement in the presence of non-
positive input and output data. The study aims to examine how the choice of method affects
efficiency classification and ranking, addressing a gap in the literature where existing
contributions are dispersed and method-specific.

Design/methodology/approach: The study follows a mixed-method research design.
A systematic literature review was conducted using the Scopus database to identify DEA
models capable of handling negative data. This was supplemented by semi-structured
interviews with five academic experts specializing in DEA to validate the relevance and
practical use of the identified approaches. A simulation experiment was then performed using
a synthetic dataset of 80 decision-making units representing banks, containing both positive
and negative variables. Four widely applied models were compared: the Range Directional
Model, the Modified Slacks-Based Measure, the Semi-Oriented Radial Measure, and a Two-
Stage DEA model.

Findings: The results indicate that efficiency classification is strongly dependent on the
selected DEA model. The number of units identified as efficient differs substantially across
methods, with the Two-Stage DEA producing the strictest efficiency frontier and the Range
Directional Model the broadest. At the same time, rank-order correlations across models remain
consistently high, suggesting that relative performance rankings are largely preserved despite
differences in frontier definition.

Research limitations/implications: The study is limited by the use of a synthetic dataset and
a small number of expert interviews, which may constrain external validity. Future research
should apply the compared models to empirical datasets from different sectors and conduct
robustness and sensitivity analyses.

Practical implications: The findings emphasize the need for explicit, purpose-driven model
selection in DEA studies involving negative data, as methodological choices directly influence
efficiency benchmarks and managerial conclusions.

Social implications: By increasing transparency in efficiency measurement, the study may
support more informed decision-making in areas such as banking and public administration,
contributing to improved resource allocation.

Originality/value: The paper offers a comprehensive synthesis and direct comparison of major
DEA models designed to handle non-positive data, demonstrating that efficiency is a model-
dependent construct and providing guidance for researchers and practitioners.
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1. Introduction

The concept of efficiency, alongside notions such as performance and effectiveness,
has always stood at the core of business studies and organizational research. The etymology of
the term efficiency traces back to the Latin word efficio, which conveys meanings such as to
perform, complete, execute, or produce (Rybicki, 2005). Conversely, according to the ISO 9000
standard, efficiency is defined as the ratio between achieved results and utilized resources.
Bielski (1992) offers a particularly noteworthy conceptualization of efficiency, distinguishing
between two perspectives. The deliberate approach focuses on predefined organizational goals,
emphasizing decision-making that minimizes resource utilization. Conversely, the systematic
approach underscores the importance of the organizational environment and the capacity to
acquire the necessary resources from it Bielski (1992). However, Drucker (1963) provided the
simplest yet meaningful definition: efficiency is concerned with doing things right.

In recent years, there has been a growing academic interest in utilizing the Data
Envelopment Analysis (DEA) method to assess the efficiency of various economic systems.
Conventional Data Envelopment Analysis (DEA) models have been developed based on the
assumption that all inputs and outputs are non-negative (Maryam, Rostamy-Malkhalifeh, 2015).
This method's growing adoption and popularity has highlighted a critical need to address the
challenge posed by negative data, a common phenomenon in practical, real-world scenarios
(Maryam, Rostamy-Malkhalifeh, 2015). DEA is a non-parametric methodology that employs
linear programming techniques to evaluate the efficiency of units called Decision Making Units
(DMUs). This approach incorporates multiple inputs and outputs across various units to
determine relative technical efficiency. Within the DEA framework, efficiency is defined as the
ratio of the weighted sum of outputs to inputs. A key attribute of DEA lies in its flexible and
adaptable structure, which is grounded in the data available for analysis (Xie et al., 2021).
The origins of the method can be traced back to Farrell's foundational work (Farrell, 1957),
initially applied within the agricultural sector. The term Data Envelopment Analysis was
subsequently introduced by Charnes et al. (1978), with further developments contributed by
Banker et al. (1984). Efficiency in DEA is calculated as the ratio of weighted outputs to
weighted inputs, producing values that range between zero and one (Walczak, Marcinkiewicz,
2022). The efficiency ranking of units is established by computing these ratios across all units
in the dataset (Andersen, Petersen, 1993). A unit is deemed efficient if its efficiency ratio
reaches the efficiency frontier, represented by a value of one. Units with ratios below one are

classified as inefficient (Antunes et al., 2021). In essence, DEA facilitates the distinction
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between efficient and inefficient units by evaluating their input utilization relative to output
production. Additionally, DEA integrates the concept of benchmarking, as highlighted by Ruiz
and Sirvent (2019), who stated, Using DEA for benchmarking ensures an evaluation in terms
of targets that are both attainable and represent best practices.

Two basic models of Data Envelopment Analysis (DEA) can be identified: the CCR model
and the BCC model. The CCR model, developed by Charnes et al. (1978), is based on the
assumption of constant returns to scale (CRS) (Gizaw, 2019). In contrast, the BCC model,
introduced by Banker et al. (1984), serves as an extension of the CCR model. This model
operates under the assumption of variable returns to scale (VRS) (Gizaw, 2019). The presence
of negative data in Data Envelopment Analysis poses a fundamental methodological problem
because basic DEA models are constructed on the assumption that all input and output values
are nonnegative (Charnes et al., 1978). When variables take on negative values, the input—
output ratios that form the basis of DEA efficiency measurement become mathematically
undefined, leading to infeasibility or meaningless efficiency scores (Portela et al., 2004).
Moreover, the core axioms of DEA, including free disposability and monotonicity, are violated
when data include negative observations, since increasing a negative output or decreasing
a negative input may not correspond to a genuine improvement in performance (Cooper et al.,
1999)

This research involves a comparative review of previous studies focusing on methodologies
for managing negative data within DEA frameworks, with particular attention to their
implications for efficiency measurement and practical application.

Based on the initial literature review the following research questions were posed:

Q1. What are methods used for dealing with negative data while implementing

DEA method?

The literature review revealed that, although numerous Data Envelopment Analysis (DEA)
models have been developed to address the problem of non-positive variables, there is still
a lack of comprehensive publications that synthesize these contributions. Existing studies tend
to concentrate on developing new model variations or applying them within specific sectors.
This study contributes to the literature in several ways. First, it provides a structured synthesis
of the main DEA extensions designed to handle non-positive data, focusing on models that are
most frequently applied in practice rather than on isolated methodological proposals.
Second, it offers a direct, head-to-head comparison of these models using a common dataset,
which allows differences in efficiency frontiers and rankings to be attributed solely to
methodological choices. Third, by combining a systematic literature review with expert
interviews and a controlled simulation experiment, the study links theoretical model properties
with their practical implications for efficiency assessment.

Q2. How does the implementation of particular methods of dealing with non-positive values

influence the final result of Data Envelopment Analysis?
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The article seeks to conduct a comparative analysis of results obtained through selected
models, highlighting their relative effectiveness and practical utility. In this way, the study not
only fills an important gap in the literature but also offers readers a structured overview of
available approaches and practical guidance on how selecting a certain method influences on
the results.

2. Literature Review

The Scopus database was selected for the research, using the following search terms:
“DEA” OR “Data Envelopment Analysis” AND “negative” OR “undesired”. The search was
restricted to abstracts containing the specified keywords. This initial search yielded 2055

documents. Further refinement of the selection was performed and described in Table 1.

Table 1.
Literature Review: Refinement of the selection

Criterium No of papers fulfilling
Search terms on Scopus: “DEA” OR “Data Envelopment Analysis” AND | 2005
“negative” OR “undesired”

Only articles and book chapters 1987
Only final versions 1856
Only documents in English 1691
Collocation of word “ negative” or “undesired” with “data” 98

These constraints resulted in a reduction of the available documents. No geographical
constraints were introduced. Each article's abstract was then reviewed to assess how the terms
negative and undesired were applied. It was found that the database contained articles where
the term negative was frequently associated with words such as influence, effect, and ratio.
However, in the context of the present study, the terms negative and undesired were specifically
intended to describe data, variable(s), input(s), or output(s). Notably, 98 articles employed the
term negative about data. Surprisingly, no articles that used the term undesired in conjunction
with data were found.

To avoid relying solely on database inclusion, an additional journal quality screening was
conducted. Only journals indexed in Scopus or in the Web of Science Core Collection were
retained. Journals classified in Q1-Q3 according to the Scimago Journal Rank were considered
acceptable, while Q4 journals and titles without quartile assignment were excluded. To further
reduce the inclusion of marginal outlets, a minimum impact threshold was applied:
Journal Impact Factor (JCR) of at least 1,0 or CiteScore of at least 1,0. 54 articles published in

journals not meeting these criteria were removed from the final sample.
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After examining the references in the retrieved articles and reviewing the citations,
it was determined that some important papers in the field were absent from the final selection.
Consequently, the author decided to include an additional eight papers, following a thorough
reevaluation of their quality and the reliability of the journals which they were published in.
The backward snowballing method was incorporated. A subsequent review was conducted
based on the 54 articles that met these criteria.

Ali and Seiford (1990) were among the first researchers to address the issue of handling
non-positive data in Data Envelopment Analysis (DEA), focusing on the presence of zero
values. They demonstrated that affine displacement of undesirable data does not impact the
efficiency frontier; however, in the context of the BCC model, such displacement can influence
the efficiency scores of inefficient units (Ali, Seiford, 1990). This work was further advanced
by Pastor (1994), who proposed increasing the values of undesirable variables by adding
a sufficiently large positive constant, as referenced in the work of Portela et al. (2004). Pastor's
approach was subsequently adopted by Seiford and Zhu (2002) and Bowlin (1998). Building
on this foundation, Lovell and Pastor (1995) developed a DEA variant that employs a weighted
sum of slacks, where the weights correspond to the inverse of the standard deviations of each
input and output associated with the slack. This methodology was later extended by Pastor
(1996), and incorporated by Thrall (1996), Tone et al. (2020), as well as Cheng et al. (1999).
For cases where inputs or outputs are entirely non-positive, Scheel (2001) proposed treating
these variables as positive outputs or inputs. This approach was subsequently employed by other
researchers, including Cheng et al. (2013), and Zhu (2003). Halme et al. (2002) noted that Zhu,
in an unpublished manuscript from 1994, suggested a complex method involving data
translation and the application of controlled envelopment analysis concepts. Halme et al. (2002)
further proposed replacing interval scale variables with corresponding pairs of ratio scale
variables, provided the derived variable is computed as the difference between two ratio-scale
variables. This method was later adopted by Pastor and Ruiz (2007), Dehnokhalaji et al. (2010),
and Mohammadpour et al. (2015). Portela et al. (2004) introduced the Range Directional Model
(RDM), which handles non-positive variables without requiring data transformation.
It illustrates the concept of variable returns to scale, and it is not possible to integrate alternative
returns to scale assumptions within this framework. This method, grounded in the directional
distance function, was further developed by Pastor and Ruiz (2005) and adopted by researchers
such as Asmild and Pastor (2010), Peykani et al. (2022), Yousefi et al. (2019), Tavana et al.
(2018), as well as Banihashemi and Navidi (2017). Sharp et al. (2007) proposed the Modified
Slack-Based Measure (MSBM), which accommodates both positive and negative data.
This model addresses the absence of translation invariance found in the slacks-based measure
model by incorporating concepts from the range directional model (RDM). By considering
individual input and output slacks, the MSBM model offers a more accurate assessment of
inefficient units. Consequently, it typically results in lower efficiency scores for inefficient
DMUs compared to the RDM (Sharp et al. (2007). This method has been utilized by other
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researchers, including Cui, et al., (2022), Wang et al. (2005), and Lee et al. (2017). Another
prominent approach for handling negative data involves partitioning positive and negative
variables. Emrouznejad et al. (2010) applied this concept to propose the Semi-Oriented Radial
Measure (SORM) for efficiency evaluation, which was later refined by Kazemi et al. (2014),
as well as Kaffash et al. (2018). It transforms each input-output variable fundamentally as the
sum of two components: one representing its negative value and the other its positive value.
This representation offers the benefit of allowing the negative aspect of a variable to be
addressed in absolute terms, thereby presenting it in a positive format without the need for
arbitrary adjustments to the origin that might otherwise be required to obtain positive values
(Matin et al. 2014). This method has been widely adopted by researchers, including Mo et al.
(2020), Emrouznejad et al. (2010), Kenjegalieva et al. (2011), Toloo et al. (2015). Kenjegalieva
etal. (2011), and Kumari et al. (2024). Cheng et al. (2013) introduced a modified version of the
traditional radial DEA model, replacing original input and output values with their absolute
values. This method was subsequently employed by Tung et al. (2018). Izadikhah and Saen
(2016) proposed a two-stage DEA model where each unit is structured as two interconnected
sub-units, with the outputs of the first stage serving as inputs for the second stage.
This two-stage framework operates in the context of undesirable data, where the initial stage
generates the final outputs of the network, which subsequently serve as inputs for the second
stage. This innovative approach has been applied by researchers such as Mukherjee et al.
(2024), Hsu et al. Chiu (2023), and Singpai and Wu (2021). Finally, Lin and Chen (2017)
introduced a super-efficiency model based on the directional distance function, which was later
expanded upon by Lin and Liu (2019).

Based on the literature review, it can be concluded that the two-stage DEA model introduced
by Izadikhah and Saen (2016), the semi-oriented radial measure (SORM) developed by
Emrouznejad et al. (2010), the range directional model (RDM) proposed by Portela et al.
(2004), and the Modified Slack-Based Measure (MSBM) introduced by Sharp et al. (2007) are
among the most widely adopted methods. This selection is corroborated by other researchers,
such as Kaffash et al. (2018), although they did not mention the two-stage DEA model.
This omission is likely attributable to the fact that the first paper on this model was published
in 2016, while their selection was made in 2018, and the two-year period may not have been
sufficient for the new methodology to gain attraction among scholars. In general, methodologies

developed post-2000 have been frequently utilized in a substantial number of studies.
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3. Methodology

3.1. Extended models of Data Envelopment Analysis

As mentioned earlier, four models have been selected for the comparative analysis.
This section provides their technical overview, after which the models will be tested on datasets
containing negative values to examine their impact on efficiency results.

The Range Directional Model is grounded in the Directional Distance Function (DDF)
methodology (for VRS) (Chambers et al., 1996, 1998), which measures inefficiency by

expanding outputs and contracting inputs along a chosen direction:

max = f, (1)
Subject to:
i=14Yrj Z Yro + BoGyrT = 1,8, 2)
Yi=1Aixij < Xip — Bogxiri = 1,...,m, (3)
1214 =1,4120,0,=20,g,, 20 4)

The model mentioned above was further modified by Portela et al. (2004) to address cases
where some values are negative, so that it always produces feasible improvement directions.
They have also introduced an ideal point - defined by the maximum observed outputs and the
minimum observed inputs across all units. Based on this reference, two vectors were determined

(5) (6), which represent the potential range of improvement for unit o.

Ry = m]ax{yrj} ~ Yro T =1,.0,8 (5)
R, = xio_m]m{xij},i =1,...,m 6)

Build on the (5) and (6), the Range Directional Model was introduced.
max = f, (7)

Subject to:

121 4Yrj = Yro t BoRyo,T = 1,8, )
i=1Ajxij < Xijo — BoRioyi = 1,...,m, 9)
T =1,4 =0, (10)

The Range Directional Model was originally formulated as a single-stage approach, where
a decision-making unit is treated as a “black box” that transforms inputs into outputs. Building
upon this concept, Tavana et al. (2018) incorporated the model into a two-stage DEA, in which
the internal processes of each DMU are explicitly considered.

In the two-stage DEA framework, each DMU is decomposed into two sub-processes:

e Stage I (S1): transforms initial inputs x;; into intermediate products zg;.

e Stage 2 (S2): consumes the intermediate products z,; to generate the final outputs y,;.
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Accordingly, the overall efficiency of a DMU is determined as a composition of the
efficiencies of the S1 and S2.

The two-stage DEA is constructed by introducing two ideal points, separately for SI
and S2:

. (maajc. zdj’mn; Xij),I” _ <ma9]c. yrj’mn;zdj) (an
Based on these reference points, two improvement direction vectors (11) are defined,
representing the ranges of possible improvement for each stage.
The objective function of the two-stage RDM is specified as:
max wy6; +w,0, (12)
where 6, and 6,represent the improvement parameters for S1 and S2, respectively, while
w; and wyare the importance weights assigned to each stage (w; + w, = 1). In this analysis
w, = w, =0,5.

The above is subject to:

At the S1:
Tea Ajxip < Xy — 91R;i,i =1,..,m, (13)
Xh14iZq; 2 Zgp — 0R;,d = 1,...,D, (14)
At the S2:
Y Mjzq; S Zgy —0,RZ,d =1,...,D, (15)
Te1WjYrj = Yrp — 0,RS 7 =1,..,5, (16)
Additional convexity conditions apply:
T =LY u=1,4,u;20 (17)
Linkage constraint:
Yi=14iZaj = YizaMjzaj,d=1,..,D, (18)

Efficiency scores are thus expressed as (p;at the stage 1, p, at the stage 2, p as overall
efficiency)

p1=01,p2 =05,p=wip; + wyp, =1 — (w;6; +w,0) (19)

Building on the vectors R,,, and R;,, suggest by Portela at al. (2004) Sharp et al. (2005)

introduced the Modified Slacks-Based Measure (MSBM), which extends classic Tone’s (2001)

SBM model. By incorporating the SP Range into the normalization of slacks, the MSBM

ensures both unit-invariance and translation-invariance. The model is formulated as:
p = min—— (20)
Si

subject to standard DEA feasibility constraints, where s; and s;~ denote input and output slacks,
respectively. The efficiency score p lies in the range |0,1] , and equals 1 only if all slacks are

Z€Cro.
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Last, but not least Semi-Oriented Radial Measure (SORM) suggested by Emrouznejad

et al. (2010). Since the negative values in the data may occur two index sets are defined:

I={i: x; =0V}, L={l: 3j,x; <0} (21)
R={r:y,; 20Vj}LK={k: 3j,y; <0} (22)
Later, the negative data is decomposed into non-negative parts.
xy; = xj; — x{, x); = max(x;;,0), xf; = max(—x;,0) (23)
Yij = Yij — Yiep Yij = max(yx;, 0), yy; = max(—yy;, 0) (24)

While the two stage DEA, SORM, and RDM are directionals models, which means there is
not clear input or output orientation, the MSBM explicitly evaluates inefficiency through input
and output slacks, thus allowing for a more direct interpretation in terms of input reduction
and/or output expansion.

For the evaluation of a DMU j, the input-oriented model is formulated as:

minh (25)
Subject to:

Yi=1XijA; — hxijp <0 Vi€, (26)
YhoixA; - hxlj <0 XFo, xfA) — hxlzjo >0VIEL, (27)
Yi=1Yrjdj = Yrj, VT ER, (28)
T1Yijd 2 Yij, i=1 YA < Vij, Vk €K, (29)
=121 (30)

Analogously, the output-oriented version is expressed as:
ming 31
Te1 XA < x5, ViE (32)
T xid; S xiy , XF_yxfiA; = hxfy VIEL, (33)
Yi=1Yrji — ©Yrj, = 0Vr €ER, (34)
Te1 YA — Vi, 2 0, X1 Viejd; — oYy, < 0, Vk €K, (35)
T =1,42=0 (36)

For practical applications, it is necessary to ensure the models are bounded. The following
conditions hold:

e The input-oriented model is bounded if and only if:

o max Xij, max x;; }
dj, max{ iel lElo >0 (37
e The output-oriented model is bounded if and only if:
o max Yrj, max yj; }
b;, max{reR , kEKO >0 (38)

e The output-oriented model is bounded if and only if:

aj, = mm( i s 0) >0 (39)
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3.2. Supplementary findings test

To validate the findings of the literature review, a qualitative research, based on semi-
structured interviews with five academic experts specializing in Data Envelopment Analysis
(DEA) was deployed. The interview guide was designed following a systematic framework.
Kallio et al. (2016) proposed a five-step process for developing semi-structured interviews,
which includes defining the aim, reviewing the literature, drafting questions, piloting,
and refining. This study followed that model to ensure validity and reliability. The final guide
covered five thematic blocks (Castillo-Montoya, 2016): (1) general background and DEA
experience, (2) challenges with negative variables, (3) methodological preferences, (4) practical
applications, and (5) final remarks. The interviews were conducted via online conferencing
platforms, each lasting approximately 45 minutes. Sessions were not recorded, yet instant
transcription was turned on. While the participants’ backgrounds ranged from finance and
public administration to logistics or banking, there was strong convergence in their responses:
negative data is both a recurrent phenomenon and a methodological challenge in DEA, and its
treatment directly influences efficiency scores, rankings, and benchmarks. Most of the experts
(experts A, C, E) emphasized the Range Directional Model. They described it as particularly
effective in complex network settings, because directional goals can be aligned with policy or
managerial priorities. MSBM was widely highlighted (experts A, C, D) as a method that
provides conservative efficiency estimates by penalizing unaddressed slacks. Experts explained
that MSBM avoids the inflation of efficiency scores that may occur in radial models when
negative values are present. This method was consistently valued as a diagnostic tool that goes
beyond ranking to show where inefficiencies reside, making it attractive for regulators and
managers seeking actionable improvements. Two experts (Expert B and D) reported favorably
on SORM, while three experts (Expert B, C, and E) highlighted the advantages of two-stage
DEA formulations. The consensus was that multi-stage models not only allow the inclusion of
negative values but also provide more detailed guidance for targeted improvements.

Participants’ answers undergo thematic and qualitative analysis, which resulted in following
statements:

1. Issue with applicability of non-positive data in Data Envelopment Analysis is common,
classic models are unable to deal with such variables, yet while analysis real world
problems such figures cannot be omitted, which in turn lead to the need of variable or
DMU exclusion.

2. List of extended/modified Data Envelopment Analysis methods yielded based on both,
the literature review and semi-structured interviews is identical.

The author considered limitations to ensure that all necessary measures were taken to

mitigate the negative influences caused by potential limitations. For studies with multiple
participants, the workload can delay reporting and reduce efficiency. Thus, a group of 5 experts

was selected. The author, based on the initial review, chose only these researchers whose



Handling Non-Positive Variables... 595

portfolios are characterized by a high volume of papers involving Data Envelopment Analysis.
Taking into consideration that popularity of Data Envelopment Analysis may differ across
different countries, experts from 3 countries (4 universities) were included in analysis. Although
some of the limitations were possible to be mitigate, others should be taken into consideration

while interpreting the article’s findings.

3.3. Simulation experiment design

To evaluate and compare the performance of different DEA extensions designed to handle
negative data, a synthetic dataset was constructed. The dataset comprises 80 decision-making
units (DMUSs), each representing a hypothetical banking institution. For each DMU, seven
inputs and three outputs were generated, reflecting variables that are commonly used in
efficiency studies of the banking sector. Examples of the input variables include staff (measured
as full-time equivalents), the number of branches and ATMs, operating expense changes, cost
of funds, risk-weighted assets, and changes in the ratio of non-performing loans. The outputs
reflect financial and business performance: net interest income, non-interest income, and loan
growth rates.

Because the aim of this study is methodological rather than empirical, the dataset was not
drawn from banking records but generated artificially. To ensure that the data resemble realistic
banking sector values, while still allowing for the presence of both positive and negative figures,
the GPT-5 large language model was employed (developed by OpenAl) to design and generate
the data. The model was instructed to create variable distributions reflecting the economic and
financial logic of the sector. Randomness was introduced via normally distributed draws,
clipped to maintain plausible ranges (operating expense changes between —30% and +40%, loan
growth between —40% and +60%, cost of funds between —200 and 600 basis points).

The bounds for operating expense changes were based on empirical evidence from the
banking and merger literature. Reported post-merger cost savings in noninterest or operating
expenses typically range between 15% and 40%, with documented declines of around 30%
within the first year (DeYoung, 1993; Board of Governors of the Federal Reserve System,
1998). These findings support the use of —30% as a conservative lower bound. At the same
time, institutional evidence shows that operating expenses may temporarily increase due to
restructuring and integration costs, with year-on-year increases of up to 40% reported in
practice (Central Bank of the Republic of Turkey, 2020). Together, these studies justify the —
30% to +40% interval as a plausible range for operating expense changes. While Dang (2019)
observed the yearly growth of banks ranges from over 90% to — 45%, Godlewski and Weill
(2018) based on the data from banks belonging to the Bank Polskiej Spotdzielczosci indicates
that in such specific case the growth is lower from around 50% to -15%. These discrepancies
highlight cross-country and sample-specific heterogeneity, which motivated the use of
intermediate values as conservative bounds for the upper and lower limits in the simulation.

Regarding bank saving costs, the empirical evidence shows that they may temporarily decline
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by more than 150 basis points relative to pre-crisis benchmarks (Reserve Bank of New Zealand,
2024), justifying a =200 bps lower bound. Conversely, periods of monetary tightening and
financial stress have been associated with increases in funding costs of several hundred basis
points, with documented cases reaching approximately 600 basis points (European Central
Bank, 2024; Powell, 2002).

The resulting dataset was exported into Excel format with two sheets. The first sheet
contains the main data matrix (80 x 11), while the second provides a codebook explaining the

role, unit of measurement, and interpretation of each variable.

4. Differences and Similarities among selected methods

All four models, mentioned in previous section, were developed to extend Data
Envelopment Analysis to cases where negative inputs and/or outputs are present. Despite this
common motivation, they differ in their theoretical foundations, mathematical formulations,
and the way efficiency is computed and interpreted.

A key similarity is that they preserve the enveloping principle of DEA: efficiency is always
evaluated relative to a piecewise linear production frontier constructed from observed decision-
making units. Moreover, RDM, Two-stage DEA, and SORM are directional or radial models.
They rely on a single proportional factor that scales inputs and outputs simultaneously along
a chosen direction (Emrouznejad et al., 2010) MSBM, by contrast, belongs to the slack-based
family. This method instead of relying on a single radial adjustment, it uses input and output
slacks, which measure non-proportional inefficiency in each variable (Tone et al., 2020).

The main differences arise from the structure and treatment of inefficiency. RDM and
SORM treat each DMU as a “black box,” while Two-stage DEA explicitly decomposes the
production process into two sub-stages (Lychev et al., 2023). This allows the Two-stage DEA
to provide stage-specific efficiency scores in addition to the overall measure. In terms of
inefficiency measurement, RDM and Two-stage DEA calculate proportional improvements
with a single radial factor for each stage (Tavana et al., 2018), while SORM does the same after
decomposing negative variables into positive and negative parts (Emrouznejad, Anouze et al.,
2010). MSBM, on the other hand, captures inefficiency in a non-radial way, allowing each input
and output to adjust differently, with efficiency expressed as a function of the average
normalized slacks (Sharp et al., 2007). The strategies for handling negative data are also
distinct. RDM introduces an “ideal point” composed of the maximum observed outputs and
minimum observed inputs, and defines feasible improvement ranges relative to that point
(Portela et al., 2004). Two-stage RDM applies the same logic separately for each stage of the
process (Tavana et al., 2018). MSBM normalizes slacks by feasible ranges, thereby ensuring

unit invariance and translation invariance (Sharp et al., 2007). SORM avoids both translation
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and normalization by splitting each negative variable into its positive and negative parts,
and then applying a radial contraction or expansion factor (Cheng et al., 2013).

Another crucial difference is boundedness: while RDM and MSBM rely on feasibility
conditions, SORM requires that the models remain bounded. Specifically, the input-oriented
version is bounded if at least one input is strictly positive, the output-oriented version is
bounded if at least one output is strictly positive, and both are bounded simultaneously if the
minimum of these two values is greater than zero. In the Two-stage RDM, boundedness
depends on the feasibility of both stage-specific models and the linkage constraint.

Interpretability also varies across models. RDM offers an intuitive interpretation as
a proportional “push” toward the ideal point, though results depend on the chosen range
direction (Portela et al., 2004). Two-stage RDM extends this by breaking down overall
inefficiency into stage-specific components, which provides diagnostic value (Tavana et al.,
2018). MSBM s highly interpretable in terms of slacks: the efficiency score can be directly
linked to the proportion of inputs to be reduced and outputs to be increased (Zarrn, 2023).
SORM preserves the familiar feel of classical DEA, through input- or output-orientation, while

extending it to cases where data may take negative values.

5. Research results

The comparative application of four DEA models (MSBM, SORM input- and output-
oriented, Two-Stage DEA, and RDM) to the same dataset of 80 DMUs highlights differences
in the classification of efficiency. The results are summarized in Table 2.

Table 2.

Efficient vs. inefficient DMUs across methods. Own elaboration based on own studies
Method Number of DMUs Efficient Inefficient
MSBM 80 35 45
SORM (Input) 80 ) 38
SORM (Output) 80 ) 38
Two-Stage DEA 80 25 55
RDM 80 44 36

RDM identifies 44 efficient DMUSs and 36 inefficient DMUs. Both the input- and output-
oriented versions of SORM identify 42 efficient and 38 inefficient DMUs. MSBM identifies
35 efficient and 45 inefficient DMUs. The Two-Stage DEA model identifies 25 efficient DMUs
and 55 inefficient DMUs.

To compare the overlap of efficient sets across methods, the Jaccard similarity index
(Fletcher, Islam, 2018) was applied. This measure calculates the size of the intersection of

efficient sets between two models divided by the size of their union.
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Table 3.
Jaccard similarity between efficient sets. Own elaboration based on own studies
MSBM SORM in SORM out Two-Stage

MSBM 1.000 0.833 0.833 0.500

SORM in 0.833 1.000 1.000 0.489

SORM out 0.833 1.000 1.000 0.489

Two-Stage 0.500 0.489 0.489 1.000

Table 3 presents the Jaccard similarities among MSBM, SORM (input- and output-
oriented), and Two-Stage DEA. The Jaccard index between MSBM and SORM equals 0.833
for both orientations. The similarity between MSBM and Two-Stage DEA equals 0.500.
The overlap between SORM and Two-Stage DEA equals 0.489 for both orientations. The input-
and output-oriented versions of SORM yield identical similarity values.

Rank-order consistency was examined using Spearman rank correlation coefficients to

assess the similarity of performance rankings across models.

Table 4.
Spearman correlations of DMU rankings. Own elaboration based on own studies
MSBM SORM in SORM out Two-Stage
MSBM 1.000 0.938 0.938 0.990
SORM in 0.938 1.000 0.989 0.925
SORM out 0.938 0.989 1.000 0.925
Two-Stage 0.990 0.925 0.925 1.000

The rank correlations are uniformly high, all above 0.90, indicating that relative
performance orderings are consistent across models. The highest correlation is observed
between MSBM and Two-Stage DEA, showing that despite the latter’s stricter efficiency
criteria, the overall ranking of units remains nearly identical. Similarly, the near-perfect
correlation between the two SORM variants confirms that orientation has no practical effect on
rankings in this dataset. Preliminary checks for RDM suggest correlations in the range of
0.90 to 0.93 with MSBM and SORM, reinforcing the view that directional measures shift the
efficiency threshold but not the relative hierarchy.

6. Discussion

The results demonstrate that efficiency classification in Data Envelopment Analysis is
sensitive to the choice of model when non-positive data are present. Although all models were
applied to the same dataset using identical inputs and outputs, the number of decision-making
units classified as efficient varies substantially across methods. This finding highlights that
efficiency, in such settings, is not an intrinsic property of the data alone but depends on the

methodological framework used to evaluate it.
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The observed differences across models reflect how inefficiency and non-positive values
are treated within each DEA extension. Some approaches identify a relatively larger set of
efficient units, whereas others impose more restrictive conditions, resulting in smaller
efficiency frontiers. These differences indicate that efficiency frontiers are model-dependent
rather than invariant. At the same time, the high Spearman rank correlations observed across
all model pairs show that relative performance rankings remain largely stable. This suggests
that while models differ in where the efficiency cutoff is placed, they tend to order decision-
making units in a similar manner. The identical results obtained for the input- and output-
oriented versions of the Semi-Oriented Radial Measure (SORM) indicate that orientation has
no practical effect on rankings in the analyzed dataset. Furthermore, the substantial overlap
between the efficient sets identified by MSBM and SORM, contrasted with the lower overlap
involving the Two-Stage DEA model, points to structural differences in how these approaches
define and constrain efficiency. Importantly, these differences should not be interpreted as
inconsistencies in the results, but rather as natural consequences of distinct assumptions
embedded in each model.

These findings extend the existing literature on DEA with non-positive data. Previous
studies have primarily focused on proposing individual model extensions or demonstrating their
applicability in specific empirical contexts (e.g., Portela et al., 2004; Sharp et al., 2007;
Emrouznejad et al., 2010). While this body of work established that negative data can be
accommodated within DEA, it offered limited insight into how different extensions compare
when applied under identical conditions. The present study contributes by providing a direct,
head-to-head comparison of widely used DEA models on the same dataset, thereby isolating
the effect of methodological design choices on efficiency classification and ranking.

The results are broadly consistent with earlier findings suggesting that DEA rankings are
relatively robust to changes in model specification (Andersen, Petersen, 1993). At the same
time, the variation in the number of efficient units aligns with prior observations that alternative
treatments of undesirable or non-positive data lead to shifts in the efficiency frontier (Portela
et al., 2004; Sharp et al., 2007). What is shown more explicitly in this study is that these two
phenomena coexist: substantial differences in frontier membership may occur alongside highly
stable rankings. This distinction between ranking stability and frontier sensitivity has received
limited explicit attention in previous research.

Taken together, the results confirm the underlying assumption that methodological choices
in DEA models handling non-positive data materially affect efficiency outcomes. In particular,
the analysis demonstrates that model selection influences which units are labeled efficient,
while exerting a more limited influence on relative performance ordering. From a practical
perspective, this underscores the importance of explicitly justifying model choice and of
complementing point estimates with sensitivity analyses when DEA is applied in the presence

of non-positive data.
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Future research could extend this comparative framework to empirical datasets from
different sectors, examine the sensitivity of results to alternative directional vectors,
orientations, or stage weights, and explore hybrid approaches that combine desirable properties
of the analyzed models. Such extensions would further clarify the practical implications of
model selection and contribute to more transparent and robust applications of DEA in real-

world settings.

7. Conclusions

This study set out to identify the main approaches of Data Envelopment Analysis that can
handle non-positive data and to show how choosing among them changes measured efficiency
as well as rankings. A scan of the literature, combined with expert perspectives, points to four
models that are widely used. Although all preserve the general logic of Data Envelopment
Analysis, they differ in how they treat translation invariance, the role of directions,
the decomposition of processes, and whether inefficiency is captured proportionally or through
variable-specific slacks.

When these methods are applied to the same dataset, the set of units labeled efficient
changes across models, while the overall ranking of performance remains largely similar.
This finding directly confirms that model choice affects efficiency classification even under
identical data conditions. In practical terms, the selection of a DEA model influences which
decision-making units serve as benchmarks and how inefficiency is assessed relative to the
frontier. Consequently, model selection should be explicit and guided by the analytical purpose
and empirical context. The Range Directional Model is suitable when directional targets linked
to policy or strategy are relevant and translation invariance is required. The Modified Slacks-
Based Measure is appropriate when detailed, variable-specific diagnostic information is
needed. The Semi-Oriented Radial Measure allows analysts to retain conventional input or
output orientations while accommodating non-positive data. Two-Stage DEA models are
particularly useful when internal process performance is of interest, albeit at the cost of a stricter
efficiency definition.

These conclusions should be interpreted in light of several limitations. The analysis relied
on a synthetic dataset, and the expert interviews, while informative, were necessarily limited in
number. As a result, the external validity of the findings should be further examined using real-
world datasets from different sectors and institutional settings. Nevertheless, the results provide
clear lessons for applied efficiency analysis: efficiency outcomes are sensitive to modeling
assumptions, and different DEA extensions encode different priorities.
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From a broader perspective, this study contributes to the DEA literature by clarifying how
alternative treatments of non-positive data translate into differences in efficiency classification
and benchmarking outcomes. The findings demonstrate that efficiency assessment is not
independent of methodological design choices, and that transparency in model selection is
essential, particularly in benchmarking, regulatory, or policy-oriented applications. Future
research should build on these results by conducting robustness analyses across datasets,
systematically varying model parameters such as directions, orientations, stage weights,
and returns to scale, and by integrating sensitivity analysis as a standard component of DEA

studies involving non-positive data.

References

1. Ali, A.L, Seiford, L.M. (1990). Translation invariance in data envelopment analysis.
Operations Research Letters, 9(6), 403-405. https://doi.org/10.1016/0167-6377(90)
90061-9

2. Andersen, P., Petersen, N.C. (1993). A procedure for ranking efficient units in data
envelopment analysis. Management Science, 39(10), 1261-1264.
https://doi.org/10.1287/mnsc.39.10.1261

3. Antunes, B.B.P., Bastos, L.S.L., Hamacher, S., Bozza, F.A. (2021). Using data envelopment
analysis to perform benchmarking in intensive care units. PLOS ONE, 16(11), €0260025.
https://doi.org/10.1371/journal.pone.0260025

4. Asmild, M., Pastor, J.T. (2010). Slack-free MEA and RDM with comprehensive efficiency
measures. Omega, 38(6), 475-483. https://doi.org/10.1016/j.omega.2009.12.004

5. Banihashemi, S., Navidi, S. (2017). Portfolio performance evaluation in Mean-CVaR
framework: A comparison with non-parametric methods value at risk in Mean-VaR
analysis. Operations Research Perspectives, 4, 21-28. https://doi.org/10.1016/j.orp.
2017.02.001

6. Banker, R.D., Charnes, A., Cooper, W.W. (1984). Some models for estimating technical
and scale inefficiencies in data envelopment analysis. Management Science, 30(9), 1078-
1092. https://doi.org/10.1287/mnsc.30.9.1078

7. Bielski, M. (1992). Organizacje: Istota, struktury, procesy. Wydawnictwo Uniwersytetu
Lodzkiego.

8. Board of Governors of the Federal Reserve System (1998). A summary of merger
performance studies in banking. Staff Study, No. 167. Federal Reserve Board.

9. Bowlin, W.F. (1998). Measuring performance: An introduction to data envelopment
analysis (DEA). The Journal of Cost Analysis, 15(2), 3-27. https://doi.org/10.1080/
08823871.1998.10462318



602 M.K. Walczak

10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Central Bank of the Republic of Turkey (2020). Explanations on operating expenses.
Annual report 2020 (Section 3.5).

Charnes, A., Cooper, W.W., Rhodes, E. (1978). Measuring the efficiency of decision-
making units. European Journal of Operational Research, 2(6), 429-444.
https://doi.org/10.1016/0377-2217(78)90138-8

Cooper, W.W., Park, K.S., Pastor, J.T. (1999). RAM: A range-adjusted measure of
inefficiency for use with additive models, and relations to other models and measures in
DEA. Journal of Productivity Analysis, 11(1), 5-42. https://doi.org/10.1023/
A:1007701304281

Cui, Q., Lei, Y.-L., Lin, J.-L., Yu, L.-T. (2022). Airline efficiency measures considering
undesirable outputs: An application of a network slack-based measure with double frontiers.
Journal  of  Environmental  Planning  and  Management,  66(1), 1-30.
https://doi.org/10.1080/09640568.2021.1987864

Dang, V.D. (2019). The effects of loan growth on bank performance:
Evidence from  Vietnam. Management  Science  Letters, 9, 905-914.
https://doi.org/10.5267/;.msl.2019.2.012

Debreu, G. (1951). The coefficient of resource utilization. Econometrica, 19(3), 273-292.
https://doi.org/10.2307/1906814

Dehnokhalaji, A., Korhonen, P.J., Koksalan, M., Nasrabadi, N., Wallenius, J. (2010).
Efficiency analysis to incorporate interval-scale data. European Journal of Operational
Research, 207(2), 1116-1121. https://doi.org/10.1016/j.ejor.2010.03.039

DeYoung, R. (1993). Determinants of cost efficiencies in bank mergers. Working Paper,
No. 93—1. Office of the Comptroller of the Currency.

Drucker, P.F. (1963). Managing for business effectiveness. Harvard Business Review,
41(3), 53-60.

Emrouznejad, A., Amin, G.R., Thanassoulis, E., Anouze, A.L. (2010). On the boundedness
of the SORM DEA models with negative data. European Journal of Operational Research,
206(1), 265-268. https://doi.org/10.1016/j.ejor.2010.01.032

Emrouznejad, A., Anouze, A.L., Thanassoulis, E. (2010). A semi-oriented radial measure
for measuring the efficiency of decision-making units with negative data using DEA.
European Journal of Operational Research, 200(1), 297-304.
https://doi.org/10.1016/;.€j0r.2009.01.001

Farrell, M.J. (1957). The measurement of productive efficiency. Journal of the Royal
Statistical Society: Series A (General), 120(3), 253-290. https://doi.org/10.2307/2343100
Fletcher, S., Islam, M. (2018). Comparing sets of patterns with the Jaccard index.
Australasian Journal of Information Systems, 22(1), 1-—13. https://doi.org/10.3127/
ajis.v22i10.1538

Gizaw, M. (2019). Technical and scale efficiency of private commercial banks in Ethiopia:

Using data envelopment analysis.



Handling Non-Positive Variables... 603

24.

25.

26.
27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Godlewski, C., Weill, L. (2018). Is lending by Polish cooperative banks procyclical?
Narodowy Bank Polski Working Paper, No. 297. Available on: 297 en.pdf, 25.01.2026.
Hsu, S.-Y., Lu, C.-C., Xiao, Y.-H., Chiu, Y.-H. (2023). Two-stage evaluation of the pre-
merger potential gains of Taiwan financial holding companies: Dynamic network slack-
based measure analysis approach. Computational Economics, 64(5), 2131-2178.
https://doi.org/10.1007/s10614-023-10511-2
https://www.ecb.europa.eu/pub/pdf/scpwps/ecb.wp2923~e8621c033e.pl.pdf

Izadikhah, M., Farzipoor Saen, R. (2016). Evaluating sustainability of supply chains
by two-stage range directional measure in the presence of negative data.
Transportation Research Part D: Transport and Environment, 49, 10-20.
https://doi.org/10.1016/j.trd.2016.09.003

Kaffash, S., Kazemi Matin, R., Tajik, M. (2018). A directional semi-oriented radial DEA
measure: An application on financial stability and the efficiency of banks. Annals of
Operations Research, 264(1-2), 213-234. https://doi.org/10.1007/s10479-017-2719-5
Kallio, H., Pietild, A.M., Johnson, M., Kédiridinen, M. (2016). Systematic methodological
review: Developing a framework for a qualitative semi-structured interview guide. Journal
of Advanced Nursing, 72(12),2954-2965. https://doi.org/10.1111/jan.13031

Kazemi Matin, R., Amin, G.R., Emrouznejad, A. (2014). A modified semi-oriented radial
measure for target setting with negative data. Measurement, 54, 152-158.
https://doi.org/10.1016/;.measurement.2014.04.018

Kenjegalieva, K., Simper, R., Muliaman, H., Hall, M., Santoso, W. (2011). Productivity
changes and risk management in Indonesian banking: A Malmquist analysis. Applied
Financial Economics, 21(11), 847-861. https://doi.org/10.1080/09603107.2010.537636
Klimberg, R., Lawrence, K., Yermish, L., Lal, T., Mrazik, D. (2009). Using regression and
data envelopment analysis (DEA) to forecast bank performance over time. Applications of
Management Science, 13, 133-142. https://doi.org/10.1108/S0276-8976(2009)0000013010
Kong, W.-H., Fu, T.-T., Yu, M.-M. (2016). Evaluating Taiwanese bank efficiency using the
two-stage range DEA model. International Journal of Information Technology & Decision
Making, 16(2), 379-400. https://doi.org/10.1142/S021962201750003 1

Kordrostami, S., Jahani Sayyad Noveiri, M. (2012). Evaluating the efficiency of decision-
making units in the presence of flexible and negative data. Indian Journal of Science and
Technology, 5(12), 3776-3782. https://doi.org/10.17485/ijst/2012/v5i12.20
Kozun-Cieslak, G. (2013). Efektywno$¢ — rozwazania nad istota 1 typologia.
Kwartalnik  Kolegium Ekonomiczno-Spotecznego. Studia i Prace, 4(1), 13-42.
https://doi.org/10.33119/KKESSiP.2013.4.1

Kumari, R., Gupta, A., Aggarwal, A. (2024). An integrated multi-objective SORM cross-
efficiency model: An application in portfolio selection. Economic Computation &
Economic Cybernetics Studies & Research, 58(3), 129-140. https://doi.org/10.24818/
18423264/58.3.24.08



604 M.K. Walczak

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

Lee, Y., Joo, S.-J., Park, H. (2017). An application of data envelopment analysis for Korean
banks with negative data. Benchmarking: An International Journal, 24(4), 1052-1064.
https://doi.org/10.1108/B1J-02-2016-0023

Lin, R., Chen, Z. (2017). A directional distance-based super-efficiency DEA model
handling negative data. Journal of the Operational Research Society, 68(12), 1587-1597.
https://doi.org/10.1057/s41274-016-0137-8

Lin, R., Liu, Y. (2019). Super-efficiency based on the directional distance function in the
presence of negative data. Omega, 85, 26-34. https://doi.org/10.1016/j.omega.2018.05.009
Lychev, A., Ratner, S., Krivonozhko, V. (2023). Two-stage data envelopment analysis
models with negative system outputs for the efficiency evaluation of government financial
policies. Mathematics, 11(24), 4873. https://doi.org/10.3390/math11244873

Maryam, A., Rostamy-Malkhalifeh, M. (2015). Negative data in data envelopment analysis:
Efficiency analysis and estimating returns to scale. Computers & Industrial Engineering,
82, 78-81. https://doi.org/10.1016/j.cie.2015.01.022

Mo, R., Huang, H., Yang, L. (2020). An interval efficiency measurement in DEA when
considering undesirable outputs. Complexity, 2020, 7161628.
https://doi.org/10.1155/2020/7161628

Mukherjee, S., Ajaz, T., Ghosh, T. (2024). Performance analysis of the Indian IT & ITeS
sector: An application of additive-DEA and G2SLS. Eurasian Journal of Business and
Economics, 17(1), 65-92. https://doi.org/10.17015/ejbe.2024.034.04

Muliaman, H., Hall, M., Kenjegalieva, K., Santoso, W., Simper, R. (2012). A new approach
to dealing with negative numbers in efficiency analysis: An application to the Indonesian
banking  sector.  Expert Systems  with  Applications, 39(6), 6949-6956.
https://doi.org/10.1016/j.eswa.2012.01.145

Panwar, A., Olfati, M., Pant, M. (2022). A review on the 40 years of existence of data
envelopment analysis models: Historic development and current trends. Archives of
Computational Methods in Engineering, 29(9), 5397-5426. https://doi.org/10.1007/s11831-
022-09770-3

Pastor, J.T. (1994). How to discount environmental effects in DEA: An application to bank
branches. Working Paper, No. 011/94. Departamento de Estadistica e Investigacion
Operativa, Universidad de Alicante.

Pastor, J.T. (1996). Translation invariance in data envelopment analysis: A generalization.
Annals of Operations Research, 66(1), 93-102. https://doi.org/10.1007/BF02187299
Pastor, J.T., Ruiz, J.L. (2005). On the treatment of negative data in DEA. Working Paper.
Centro de Investigacion Operativa, Universidad Miguel Hernandez.

Peykani, P., Esmaeili, S., Sadat, F.S., Mirmozaffari, M., Jabbarzadeh, A., Khamechian, M.
(2022). Input/output variable selection in data envelopment analysis: A Shannon entropy
approach. Machine Learning and Knowledge Extraction, 4(3), 688-699.
https://doi.org/10.3390/make4030032



Handling Non-Positive Variables... 605

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

Portela, M.C.A.S., Thanassoulis, E., Simpson, G. (2004). Negative data in DEA:
A directional distance approach applied to bank branches. Journal of the Operational
Research Society, 55(10), 1111-1121. https://doi.org/10.1057/palgrave.jors.2601768
Powell, A. (2002). 4 capital accord for emerging economies? World Bank.

Reserve Bank of New Zealand (2024). Transmission accomplished: Monetary policy pass-
through to bank funding costs and mortgage rates. RBNZ Bulletin, 87(7).

Ruiz, J.L., Sirvent, 1. (2019). Performance evaluation through DEA benchmarking adjusted
to goals. Omega, 87, 150-157. https://doi.org/10.1016/j.omega.2018.07.004

Salah, A.A., Goh, M. (2014). Modified semi-oriented radial measure for target setting with
negative data. Measurement, 54, 152-158. https://doi.org/10.1016/j.measurement.
2014.04.018

Sharp, J.A., Liu, W.B., Meng, W. (2007). A modified slacks-based measure model for data
envelopment analysis with natural negative outputs and inputs. Journal of the Operational
Research Society, 58(12), 1672-1677. https://doi.org/10.1057/palgrave.jors.2602318
Singpai, B., Wu, D. (2021). An integrative approach for evaluating the environmental
economic efficiency. Energy, 215, 118940. https://doi.org/10.1016/j.energy.2020.118940
Tavana, M., [zadikhah, M., Di Caprio, D., Farzipoor Saen, R. (2018). A new dynamic range
directional measure for two-stage data envelopment analysis models with negative data.
Computers & Industrial Engineering, 115, 427-448. https://doi.org/10.1016/j.cie.
2017.11.024

Thrall, R.M. (1996). Duality, classification, and slacks in DEA. Annals of Operations
Research, 66(1), 109-138. https://doi.org/10.1007/BF02187299

Toloo, M., Zandi, A., Emrouznejad, A. (2015). Evaluation of efficiency of large-scale data
sets with negative data: An artificial neural network approach. The Journal of
Supercomputing, 71(3), 1-16. https://doi.org/10.1007/s11227-015-1387-y

Tone, K. (2011). Slacks-based measure of efficiency. In: M.C. Lovell, S. Schmidt (Eds.),
Encyclopedia of operations research and management science (pp. 1286-1292). Springer.
https://doi.org/10.1007/978-1-4419-6151-8_8

Tone, K., Chang, T.S., Wu, C.H. (2020). Handling negative data in slacks-based measure
data envelopment analysis models. European Journal of Operational Research, 282(3),
926-935. https://doi.org/10.1016/j.ejor.2019.09.055

Tone, K., Toloo, M., Izadikhah, M. (2020). A modified slacks-based measure of efficiency
in data envelopment analysis. European Journal of Operational Research, 287(2), 560-571.
https://doi.org/10.1016/j.ejor.2020.05.050

Tung, S.-J., Gan, G.-Y., Chyr, W.-L., Lee, H.-S. (2018). Efficiency measures for VRM
models dealing with negative data in DEA. Journal of Marine Science and Technology
(Taiwan), 26(2), 180-184. https://doi.org/10.6119/JIMST.2018.04 (2).0005



606 M.K. Walczak

64.

65.

66.

67.

68.

69.

70.

Walczak, M., Marcinkiewicz, E. (2022). Efficiency performance of six Polish
municipalities associated in the Local Action Group “Polcentrum” using data envelopment
analysis. Problemy Zarzgdzania, 20(96), 236-251.

Wang, Y.-M., Greatbanks, R., Yang, J.-B. (2005). Interval efficiency assessment using
data envelopment analysis. Fuzzy Sets and Systems, 153(3), 347-370.
https://doi.org/10.1016/;.fss.2004.12.011

Xie, H.S.C.Q., Zhu, Y., Li, Y. (2021). Variations on the theme of slacks-based measure of
efficiency: Convex hull-based algorithms. Computers & Industrial Engineering, 151,
106978. https://doi.org/10.1016/j.cie.2020.106978

Yang, L., Mo, R. (2020). An interval efficiency measurement without sign restrictions in
data envelopment analysis. Mathematical Problems in FEngineering, 2020, 1-12.
https://doi.org/10.1155/2020/7258519

Yousefi, S., Farzipoor Saen, R., Seyedi Hosseininia, S.S. (2019). Developing an inverse
range directional measure model to deal with positive and negative values. Management
Decision, 57(9), 2520-2540. https://doi.org/10.1108/MD-11-2017-1089

Zarrin, M. (2023). A mixed-integer slacks-based measure data envelopment analysis for
efficiency measuring of German university hospitals. Health Care Management Science,
26(1), 138—-160. https://doi.org/10.1007/s10729-022-09620-5

Zhu, J. (2003). Quantitative models for performance evaluation and benchmarking.
Springer. https://doi.org/10.1007/978-3-319-06647-9



