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Purpose: The objective of this article is to present a detailed derivation of the N-S system of
equations from the more general Boltzmann equation.

Design/methodology/approach: This paper presents a derivation of general conservation
equations based on the Boltzmann equation. It collates essential information from statistical
mechanics and mathematical analysis. As previously stated, the objective is to collate all the
requisite derivations of the NS equations from the Boltzmann equation to provide
a comprehensive foundation for further study and to address frequently omitted steps.
Such derivations can be found in existing literature, but they are often less detailed or are
scattered across extensive studies where a single subsection is devoted to them. Conversely,
a comprehensive grasp of the interconnections between the two equations facilitates a profound
comprehension of the fundamental tenets of LBM. Furthermore, it illuminates the methodology
for employing the solution of the Boltzmann equation to simulate fluid dynamics, a technique
that can prove invaluable in the development of novel LBM applications.

Findings: A comprehensive set of assumptions and derivations which is often absent from the
literature on this topic.

Originality/value: The manner in which the material is presented is original or challenging to
locate, according to the authors' knowledge.

Keywords: mathematics, statistical mechanics, computational fluid mechanics.

Category of the paper: Mathematical Physics, Theoretical Fluid Dynamics.

1. Introduction

The Navier-Stokes (N-S) equations are equations that mathematically express the balance
of momentum and conservation of mass for moving Newtonian fluid. Sometimes the N-S

equations are accompanied by equations of state relating to pressure, temperature, and density.
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In essence, the N-S equations are a set of partial differential equations that describe the
changes in velocity, pressure, and density at any point in a fluid depending on the forces
(gravity, viscosity, external forces) acting on the fluid at that point.

The N-S equations include in case of compressible and viscid flow:

e The equation of continuity (describing the principle of conservation of mass):
PP T (o) = 0 (1)
ot )=

which states that the mass of the system must remain constant over time.
e Momentum equations (a set of equations describing the principle of conservation of

momentum in j-th geometric direction):

0 ; -
%W%pﬁuﬁfi—ﬂ?)—ﬁ-

expressing the fact that the rate of change of momentum the of the fluid element is

0 (2)

caused only by the mass forces F; and stresses F] — .

¢ Internal energy equation:

0E =
§+ﬁoVE=—PVoU+‘P—V0d> (3)

denoting that in any process change in internal energy is caused by pressure, viscous
dissipation and changes of heat conduction flux.

The Navier-Stokes equations are still difficult to solve analytically, especially for complex
geometries and boundary conditions, so they are usually solved numerically using
computational fluid dynamics (CFD) techniques. For some time, another approach to solving
the equations of conservation of mass, momentum and energy involving the use of the so-called
Lattice Boltzmann Method has been gaining popularity.

The Lattice Boltzmann Method (LBM) is a method derived from the Boltzmann density
equation, introduced by Hardy et al. in 1973 as a simplified approach to solving fluid dynamics
problems (Cf. Hardy, 1973a, 1973b). Compared to traditional methods for solving Navier-
Stokes equations, the LBM method has several advantages, including simplicity, efficiency,
and the ability to handle complex geometries and boundary conditions.

Like any other method, LBM is not fully universal, and some difficulties are encountered
when using it. A significant complication is problems requiring the construction of adaptive
lattices and defining boundary conditions on the edges of areas with curved geometry and
geometry not matched to a discrete lattice. The still unsolved problem is the use of LBM to
model flows with large heat gradients and fully compressible flow. Modeling of thermoacoustic
effects is still a matter of active research. Various proposals for solving these difficulties can be
found in the literature (Zhao, 2020; Basu, 2020; Li, 2016), which does not change the fact that
the development of LBM for various applications is a current and interesting research problem.
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It should be noted that the Boltzmann equation and the Navier-Stokes equations describe
different aspects of fluid dynamics and are not directly comparable in generality.
The Boltzmann equation is a more fundamental description of the flow because it considers the
behavior of individual fluid molecules and their collisions. It is a statistical equation that
describes the change in the probability distribution of molecules with a fixed velocity in a fixed
area.

The Navier-Stokes equations, on the other hand, are used to describe the continuum of fluid
dynamics. They describe the macroscopic behavior of a fluid, such as its velocity, pressure,
and density, and are more suitable for describing fluid flow at larger scales. One needs to reduce
the amount of information coming from the Boltzmann equation to obtain the solution of
Navier-Stokes equations. This is done by computing moments of the Boltzmann equation and
will be covered in this work.

According to the idea, the Lattice Boltzmann Method does not numerically solve the
equations of conservation of macroscopic properties such as mass, momentum, and energy
(as it is in CFD), but models a fluid consisting of fictitious mesoscopic populations that move
along a discrete grid called a lattice. The distribution of the populations in the grid is described
by a set of discrete probability distribution functions that evolve over time according to
a simplified version of the Boltzmann equation. In LBM, the Navier-Stokes equations are
therefore not solved directly. However, their solutions are reconstructed from the solution of
the Boltzmann equation. This apparent complication makes it possible to create a flow modeling
procedure that is surprisingly simple to implement. This approach is possible since, under
certain assumptions, the N-S equations can be derived from the more general Boltzmann
equation.

In the literature, one can often find the statement that the Boltzmann equation is a more
general equation than the N-S equation. On the other hand, it is difficult to find a detailed
derivation of the relationship between these equations. This paper undertakes to show
step-by-step how to derive from the Boltzmann equation all three equations representing the
conservation law of mass, momentum, and energy.

It may be noted that much of the literature encountered leads ultimately to a series of articles
written in the late 1940s by Harold Grad. These deal with the theoretical derivation of
the N-S equations from the Boltzmann equation (Grad, 1949a) and also give a number of useful
properties of Hermite polynomials, which are used in the discretization of the Boltzmann
equation (Grad, 1949b). The paper also uses some of the designations and transitions from (Shu,
1991). Historically, Boltzmann's lattice method was first derived more experimentally from
so-called lattice gas automata. More recent overview of applications can be found in (Li, 2020).
An overview of the development of this theory up to 2000 with early examples of calculations
can be found in (Li-Shi, 2000). Nowadays, methods based on LBM allow calculations of,
for example, flows related to combustion and thermoacoustic phenomena (Miled, 2020;
Bhairapurada, 2022; Taileb, 2022) it can also be applied to microfluidic phenomena (cf. Xu,
2021).
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In most works dealing with LBM, it is emphasized that the LBM method uses the fact that
instead of solving the N-S equations, the Boltzmann equation is solved, which, although more
general, is better suited for discretization. The very derivation of the relationships between the
Boltzmann and N-S equations is often incomplete or omitted in literature. Meanwhile,
a full understanding of the relationship between the two descriptions helps to thoroughly
understand the essence of LBM and indicate how to use the solution of the Boltzmann equation
to model flow phenomena, including those caused by thermal phenomena.

This article aims to present a very detailed derivation of the equations of continuity,
N-S equations, and the energy equation from the more general Boltzmann equation. We believe
that the description using the language of mathematics helps in the development of methods for

describing physical phenomena and the development of simulation methods.

2. Boltzmann equation

The Boltzmann equation is a partial differential equation that describes the behavior of
a gas at the molecular level. It describes how the distribution of molecules changes over time
because of collisions between them. The basic concept used here is the distribution function f
that describes the distribution of molecules in phase space. This function tells the number of
molecules (in other formulations mass of molecules) at a given point of 7-dimensional phase
space — three spatial coordinates, three velocity components and temporal coordinate. It is worth
noting that f = f( X, 7, t).

The change occurring with respect to time in the value of the function f is described by the

. df e . .
total derivative': d—];. Since the redistribution of molecules occurs only because of their collision,

it can be written that:

af
—=0(P) @

Where the occurring on the right-hand side of the source term Q is the so-called collision
operator. The original form of the collision operator given by Boltzmann is expressed by
an integral that considers different collision angles. Due to its complex form, the operator in
this form is not suitable for simulations, so the standard approach is to use approximations of it
with much simpler operators. The typical approach is to use the BGK collision operator.
In this formulation, the distribution function tends exponentially to the equilibrium distribution

function.

L . T . _— D
! In engineering science, the total derivative is often called the substantial derivative and uses the symbol D—];.
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From the physical interpretation of derivatives:

_ dxi _ dvi
TR NT
it follows that the equation (4) describing changes in the distribution function takes the form:
9] f F; 0f
Q
+Z( +) = ). (5)

This equation is called the Boltzmann equation.

In the equation (5), according to Newton's second law of dynamics a; = F;/m,

the acceleration is written in terms of the external force F = (F,, F,, F3), where F; denotes the
force in the i-th direction per unit volume. The variable §; means velocity in the appropriate
direction in the velocity space’.

Solving the Boltzmann equation in the general case is a difficult task due to the complexity
of the collision operator, especially for systems with many molecules. For this reason, practical
applications usually use an approximation of the (1 operator by the so-called BGK collision

operator (proposed by Bhatnagar, Gross and Krook in (Bhatnagar, 1954)) of the form
1
) = —<(F - o0, ©)

where T denotes the relaxation time, and f €7 is the so-called equilibrium solution.

The equation (5) with the collision operator taken in this way is called the simplified
Boltzmann equation.

The function f°? is an equilibrium distribution function representing the steady state of the
system in which the fluid is in equilibrium. This interpretation means that ¢ takes the form

of the Maxwell-Boltzmann distribution, which is expressed in the three-dimensional case by

| — 2
eXp< m 26T ) (7)

the following formula:

N|w

o 5.0 = ()
Y 2ntkgT

where:

m - denotes mass of molecule,
kg - Boltzmann constant,

T - temperature,

- . . . .

VU - intrinsic molecule velocity,

— . . . -

U - macroscopic fluid velocity (hence W = ¥ — U is the velocity fluctuation of the molecule).

2 Since the considerations are carried out with respect to a unit volume, the mass m can be replaced by the density
of the fluid p.
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3. From Boltzmann equation to conservation laws

The fact that the Boltzmann equation is more general than the N-S equations means that its
solution (in selected cases) is the solution of the equations of fluid dynamics (a system including
the equations (1), (2), (3)).

From the form of the collision operator, it follows that f tends exponentially to the Maxwell-
Boltzmann distribution f? and locally conserves mass, momentum and energy. Note also that

it follows from the definition of the function f that’:
p(%,t) = fm (X, D,t) d3v, (8)
v

where:
m - the mass of the molecule,

V - the set of all velocities in all possible directions.

3.1. From Boltzmann to continuity equation

The continuity equation (1) is a relation derived from the principle of conservation of mass.
Multiply Boltzmann's equation (5) by the mass of the molecule m and integrate over all possible

velocities (i.e., over d3v). We get:

jm—d3v+J Zvl—d3v+J z d3v= 0.
p oy "

Bl,
(B12) (Blz) (B13)
where:
(B1,4)
af 3 3 ap
jvm atdv —Jm fd3v = T
p(X,t)
(B1,) note that*:
d 0 d(u;
m-vl-—fd3v=— vi'mfd&l?:M
v axi axi v axi
u;p(x,t)
Thus:
3 3
d 0 o(u a(u o(u
jm'zvi_fd317=2f m - Vi—fd3v= ( 1p)+ ( 2,0)+ ( 3p)
v = axl' = v axi axl axz ax3

_[aaa

S 5 53 |° ) ) = VO U
9x,’ 0%, ax3] [ous, pus, pus] (ptl)

3 To simplify the notation, it was assumed that the integral in (8) means [ff,m - f (%, 7, t) dv; dv, dv,

4 v; is the component of the molecule's own velocity, and u; is the component of the molecules' average velocity
(macroscopic velocity) in the fluid region.
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(B13) because of:
af F; dF;
d3v = f d3v = =0,
fvm c')vlp avp m-fdv = avi
p(Et)
we obtain:

me afF v _mZavl

The zeroing of the derivative of the external force after the velocities is because the force
does not depend on the velocity of the molecules in the fluid.
(B14) According to the principle of conservation of mass, the right-hand side of the equation
disappears, since molecules neither appear nor disappear because of collisions.

In view of the above, it is easy to see how the continuity equation (5) follows from the

Boltzmann equation (1):

0 g @ 0
L o Ve(em) 4+ 0 = 0

3.2. From Boltzmann to momentum equations

Momentum equations are derived from the principle of conservation of momentum.
Let us consider a certain quantity connected with a molecule, such as mass m or momentum in

a certain direction mv;. For short let us denote such quantity with C.Then, the integral
j C fd3v =(C)
v

denotes the value of C averaged with respect to velocity. Assume, for the purposes of the
calculations in this subsection, that we are considering the direction j. Boltzmann's equation (5)

multiplied by the momentum of the molecule mv; and integrated over all velocities has the

form:
F; 0
vaj —d3v+fmv] —d3v+fmv] af d3v = 0.
= =P ol (B24)
(B21) (322) (B23)
We get:
(B2,)
of 9 a(py;)
vaj-a d%zafvvj-mfd?’v:T.

ujp(Et)
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(B2,) from:
v U + w
)

(o]
global fluid velocity ~ molecule's velocity fluctuation
it follows that:

fmv v; d3v = if Vv, mfd3v
J 16 axi v \l«—dl

(w]-+uj) (wi+ui)

0
= EJ. (wjw; + wju; + ww; + wy;) - mf d3v
iJy

0 3 0 3,0 3
=a—xifvujui-mfd v+a—xij]‘]wjui-mfd +a—xijvujwi-mfd v

: () _ 9(wule)  o((was)e) _ o((ww}o)
- L. 3., — J J J J
+ axi ,L;WWL] mf d*v axi + axi + axi + 6xi

where (x) denotes expected value of unknown x.

= (%)

Note that (ujui) = yju; and (Wjui) = (Wl-uj> = 0, because the velocity of the chaotic
motion of the molecules cancels out (as long as it is in the first power). Hence:
A(wuip)  I((wiw;)p)
() = *
axi axi

The expression (Win> is an element of second order tensor

(wiwy) (wywy) (wyws)
WRW=[(wywy) (wywy) (wyws) (9

(wzwy) (wzwy) (wzws)
The random velocities are almost uncorrelated, so the off-diagonal elements of the W @ w
tensor are close to 0. Let's separate the effects of this tensor into those related to pressure and

viscosity:

P =Zp(WE) + (W) + (W) (pressure)

;= Po;; — p(wiwj) (viscous stress tensor)

With these symbols:

that gives:
a(u}ulp)
fmv] UL—Xl d3v a—xl _(PSU T[ij) (11)
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Henceforth:
3
a(u-u-p) d
2 43 N 7 . — T
(fmv] Vi d > ; 2%, +6xi (P6;; — m;))
_ 9(wwp) a(uzujp) (uswp)  0(PSy; —my) a(P(SZJ my;) |, O(P8s; — 1))
= + + + +
0xy dx, dx; 0xy d0x, 0x;
Jd 0
[axl dx, 03 ] (lowawy, puawy, pusiy] + [P81; — 115, P8y — 1), PO3; — 3;])

Ve (pity + - )

o(vjf)
6vi

of o) 9y,

] avi avi avi

(B23) Note that from the derivative it follows that’:

Hence:
of F; mkF; d
fmvj-—f—ld%: lfvj—fd3v=
v avi p p Jy avi
= —o=f|d*v= —8f) d®v
p Jy\ 9dvy ov; U p v( yf)
because®:
a( fv; d F: I(F-u:
p Jy Ovl Ovi pJy ov;
uj-p(x,t)
And:
% =8 = {Li =]
dv; Y0
Finally
- df F 3 mF 3 5
Z(_fm”f o dg”) = Z lf(—fsijf) d3v = —z—l&j.fmfd% = —F,
i1 7V 9vi p = P Wy =P v

p(E,t)
(B24) As in the case of continuity of mass, the principle of conservation of momentum
guarantees that the right-hand side of the equation disappears because the molecules do not

change the total momentum in the area because of collisions.

5 a(v jf) Bv] of
Derivative oo = v f+y oor

6 The average velocity of the fluid does not depend on the velocity of the molecule.
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In effect, the Boltzmann equation results in the (2) equation. the N-S equation (for j-th

variable):
3 3
ot ) la.Xi = pP avi
_a(guj) +  Vo(ply+P-T) + —F = 0
t

4. From Boltzmann to energy equation

The following discussion will use the concept of internal energy per unit volume:

mw? w?
=L > V= <7P> (12)

As in the subsections above, we multiply the Boltzmann equation (5) by the kinetic energy

2
of the molecule ﬂ == (v12 + vZ + vZ%) and we integrate over velocities. Hence:

3
muv? muv? mv?F;, @
— = 3v+z ——‘-—fd3v= 0 (13)
B3 B5) 55
(B3,)
mv? of 5, 0 u2+_) _’+W2 Py = d [ u? N w?
Tac),\ 2 THY 7 ) v =gl e tiTe
E

because [, i o wmf d*v = (uwp) = 0

(B3,) Considerations will be made for i —th component

mv” d3 =5 ( j Z(uk + W)U + wy) - f dPv )
d
= O_xl<g <;(uk +wi)? (u + w;) > =

0
= a <g <Z (uiulzc + Zuiukwk + ul-w,% + Wiu,% + ZukaWl- + WLWIE)>>
¢ k=1
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The expected value of the expressions in which the velocity of the chaotic motion of the

molecules W occurs in the first power is 0:

4 w2
E Z(u ui + uwE + 2uwiw; + wiw?)) | =
L

ax > (Z (wug + (Wwg) + 2(uww;) + (WiWIE))) =

0
a 2<uu +(u1 2>+Zzuk(wkwl>+(wl 2))

k=1
0 [ pu? pw? - p<W2Wi)\
= a—xl Tui + <T> Uu; + p(wkwi)uk + T =
. ) k=1 Péjp—mix >
E L
3
0 (pu?
= |y + Eui + Z(PSLk — T[ik)uk + q)i
axl- 2
k=1
where:
P&, — m;; is defined as in (10),
®; — denotes conduction heat flux.
(B33) From the formula for the derivative of the product:
a(fv?) d(f- W +vi+v? d
) o whevievd) of L, o
avi avi (')vl-
it follows that:
2
o 3D

—2v
ov; v ov; vif-
Thus:

3
F 0 a(fv®
S [ S [ (n ) -
et Jy 2 p 6vl 2p av;
3

F; F; F;
=2—lf (V;,mfvz —Zvalf) d3v =2—lfvr,mfv2 d3v—2—lfmvifd3v =

Py £ P =P

F; ”es
=5 avand.S‘ —Z pu; = — ZFul

Divergence Theorem

Integral gﬁﬁav fv?V7ndS = 0 since there is no outflow of molecules from the V region

(in phase space). Hence, the total energy equation, derived from the Boltzmann equation,
takes the form:

) S 2
6t< p+E> Za—< ul+Eul+Z(P81k nlk)uk+cl)>=ZFiui (14)
=1 i=1

k=1
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To express the above equation in a form that includes only quantities related to the internal

motion of the molecules, let us return to the momentum equation:

2 ou) + Z (puwe + P8y =) = Fy

Calculating the derivatives of the products, the equation above, one can write:

3 3
dap du; dpuy du; 0 _
16t+p ET: +;<_axk ui"‘apuk)'*‘kzla—xk(})‘sik ) = F

The underlined components, according to the continuity equation (2), add up to O.

o2 Y () =i Y L ) as)

Let us revisit the momentum equatlon again, th1s time multiplying it by the velocity u;:

Therefore:

0
ulat(pu)-l'zula puuk+P81k T[lk)_Ful

(p i)

Using the derivative of the product

3 3
dpu? ou; dpuuy ou;
atl —Puia—tl'i‘kzl( a;k —puiuka—xg"‘;%a k(PGLk ) = Fiu;.

As a result of adding equation above to equation (15) multiplied by u; underlined

, this equation can be written in the form:

components will cancel out. Finally, we get:

3 3
dpu? z dpuiuy 9
ot + axk iU k§_1ul axk( 61k T[lk)

k=1
Finally:
3 3
0 (puf 9 [puuy
at( 2 >+;axk< 2 . k—lu‘a (P8y =) (16)

Summing up the variants of the equation (16) corresponding to each direction, we get:

0 (p(uf +us +uj) Z p(uf +uj + ud)uy
at 2 axk 2 -

3 3

0
= Fiuy + Fouy + Faug — Z Z Ui 5— %, (P8ix — M),

i=1k=

which is easily simplified to:

d (pu? = 9 puu - ShN
a(7)+2m< zk>=ZFi“f‘ZZ” (PO = M) (A7)
k=1
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Using the product rule derivative

(P8 — pigu; 9 o
(( ik plzk)ul) = u; — (P8; — 1) + (P8, — T[lk)
axk axk K
we get:
9 P8 ; o,
Z puuy z Fiu; — z 2 PO T — (P& — ) e
0xy 2 i=1 k= o

Subtractlng the above equation from the equation (14) we are left with:

0E  ~-0Fu, 2, 90,
E + Z + Z Z (P(Slk T[lk) ax = 0.

i= i=1k=

Taking the symbol ¥ = ¥'5_. Y3 _ m; 941 a5 rate of viscous dissipation the internal ener
g y i=1 &k=1Tik 5 p gy

equation is obtained:
3 3 3 3
6E+ OEu; Zzp zacbi
ot La ox; < ”‘a k L dx;
i=1 i=1k=1 i=1
which can be converted to (3).

5. LBM algorithm overview

The main purpose of the considerations presented so far in the paper is to show how to
obtain the Navier-Stokes equations from the Boltzmann equation. Each of the conservation laws
was obtained by integrating over all velocities the Boltzmann equation, which was previously
multiplied by the appropriate quantities.

The same principle also guides the idea of the Lattice Boltzmann Method. The discretization
of the Boltzmann equation (in the velocity, space, and time domains) leads to the construction
of an iterative procedure describing the evolution of a discrete variant of the distribution
function, i.e., the flow of mesoscopic populations in the lattice.

The main idea behind LBM is to write the Boltzmann equation in a discrete form.
Discretization begins with the construction of a discrete mesh (lattice) that divides the
computational domain into cells. Only g directions are considered in each cell. The discrete
distribution function is analogous to the continuous counterpart in the sense that from its
moments we can recover density, momentum, and energy, but is only defined on a discrete
finite set of velocities, positions, and time instances. The values of the distribution function
defined on certain nodes at a given instance of time are called mesoscopic populations. Each of

the finite number of populations has velocity in one of g allowed directions. The population

assigned to node ;x and having velocity in direction i is denoted by .f (jx). The lattice model
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determines how many populations with discrete velocity vectors in different directions will be
assigned to a lattice node. In two-dimensional simulations, the D2Q9 lattice is most often used,
in which there are 9 populations at each node. An exemplary node of the D2Q9 lattice (together
with the method of numbering velocities) is shown in Fig. 1. The population with zero velocity
is resting in the middle of the node. Symbolically, the fact that populations can be of different

sizes is indicated by the different lengths of the corresponding arrows.

S
SR~ e
Sl A -

Figure 1. Example of lattice populations.

The evolution of the i-th population is described by the formula:
G+ DAL L+ AL = £ (6, ) + A (6, 1)) (18)

Note that since the right side of the equation (18) depends only on the values of the functions
at points in the space, calculations can be carried out simultaneously for all points in space
(which significantly reduces the time for performing simulations). In LBM this step in
calculations is called a collision. The left side of the equation (18) does require knowledge of
the value of the distribution function at neighboring points (a propagation), but since this step
only involves shifting the previously calculated values to other positions, once the variables are
properly arranged in the computer's memory, it does not significantly reduce computing
performance. The collision and the propagation together form one iteration step for the
if population.

It should be emphasized that the equation (18) applies only to the behavior of the population
inside the flow domain. A separate treatment is required for boundary conditions, which,
due to the topic of the paper, will be omitted here.

If we know the values of the discrete distribution function at each node and for each
direction (population), the macroscopic quantities of interest can be determined using the
corresponding weighted sums.

And so:
N

PG = D f (1)

i=1
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N
PG DT L) = ) 1B t)f (%,
i=1
where: N is the number of populations in the adopted lattice model.

Note that in LBM, the density is obtained analogously to that in (8) by summing the discrete
distributions of all populations. The momentum can be determined as the effect of multiplying
the discrete values of f by the population velocities (similar to the derivation of the momentum
conservation principle equations).

Just as the macroscopic variables are the corresponding moments of the distribution
function f with respect to the velocity v, the same quantities can be determined as sums of
discrete values of f obtained by the Lattice Boltzmann Method. A detailed consideration of
LBM with a discussion of the implementation of boundary conditions can be found in (Kriiger,
2016).

6. Conclusions

The Boltzmann equation and the Navier-Stokes equations describe different aspects of fluid
dynamics and are not directly comparable in generality. Because the Boltzmann equation
considers the behavior of individual fluid molecules and their collisions, it is considered a more
fundamental description of the flow.

The fact that this equation is more general than the N-S equations is one of the foundations
of the Boltzmann lattice method. In LBM, instead of equations describing fluid dynamics on
a macroscopic scale, a fluid consisting of fictitious mesoscopic populations is modeled,
each of which is associated with a specific lattice node and has a specific velocity. Discrete
values of the population density function determined in LBM are used to find quantities
characteristic of fluid dynamics. Literature often emphasizes the advantages of calculations
using LBM, but it is difficult to find a justification for the relationship between equations of
a different nature, such as the Boltzmann equation and the equations of conservation of mass,
momentum and energy.

The article presents detailed derivations of the continuity equation, the Navier-Stokes
equations, and the energy equation from the Boltzmann equation. The work was aimed at
systematizing and, above all, detailing the calculations showing the interrelationships between
these equations. The conditions in which the more general Boltzmann equations are reduced to
one of the equations describing flows on a macroscopic scale help in understanding how the
results obtained in LBM are used in calculations competing with standard CFD.
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